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1. Introduction

Since Charney and Drazin (1961), the linear wave 
dynamics of vertical propagation of Rossby waves 
has been a solid paradigm in the coupling of the 
stratosphere and troposphere. Deceleration of the 
polar night jet by the interaction between zonal mean 
and eddy potential vorticies that propagated from the 
troposphere as quasi-stationary planetary waves 
often leads to sudden stratospheric warming events 
(Holton, 2004). However, relatively little is known 
about the reverse process; the stratospheric influence 
on the troposphere. Some observational analyses 
support the idea that the stratospheric potential vorticity 
(PV) anomaly influences tropospheric circulations 
(Hartley et al., 1998; Baldwin and Dunkerton, 1999; 
Christiansen, 2001; Ambaum and Hoskins, 2002; 

Thompson et al., 2002; Nakagawa and Yamazaki, 
2005). The modeling study of Marshall et al. (2009) 
further supports the premise that the inclusion of 
stratospheric information substantially improves 
seasonal winter forecasts. 

Although the precise mechanism of the downward 
propagation from the stratosphere is still not clear, it 
has recently become more acceptable that the downward 
propagation is mainly due to the geostrophic and 
hydrostatic adjustment processes from the existing 
stratospheric PV anomaly (Hoskins et al., 1985; 
Ambaum and Hoskins, 2002; Black et al., 2002).

As one of the most conspicuous weather events in 
East Asia during winter, cold surges (CS) largely 
influence many human activities. With an expansion 
of the Siberian High, extremely cold air that piles up 
north of the Tibetan plateau is abruptly brought to 
East Asia in a few days. A typical East Asian CS is 
accompanied by the upper tropospheric short-wave 
trough over Lake Baikal that grows by propagating 
toward East Asia (Joung and Hitchman, 1982; Chen 
et al., 2004; Park et al., 2008).

From a detailed lagged composite analysis of CS 
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events over the past 40 years using NCEP/NCAR 
reanalysis (Kalnay et al., 1996), Jeong et al. (2006) 
detected a precursory signal in the stratosphere prior 
to CS occurrence in East Asia. About one week before 
the CS occurrence, strong stratospheric negative PV 
anomalies and rising geopotential height in the 
troposphere were observed over northern Asia. The 
influence of the stratospheric PV has been generally 
regarded as incapable of driving the tropospheric 
anomaly because of the relatively small fraction of 
mass of air in the stratosphere compared to the 
troposphere. However, the lagged composite analyses 
indicated that the stratosphere influences the troposphere 
with deep penetrating circulation anomalies. 

To establish a dynamical reason for the features 
found in the statistical analysis by Jeong et al. (2006), 
in the present study, we investigate the role of 
stratospheric PV to determine whether it amplifies 
the Siberian High through geostrophic and hydrostatic 
adjustment processes propagating from the PV 
source and eventually penetrates into the tropopause. 
We have adopted the piecewise PV inversion technique 
developed by Davis (1992). The dynamically balanced 
circulation is compared with the lagged composite 
circulations obtained by CS index.

Section 2 is devoted to the description on the lagged 
composite features of the precursory stratospheric PV 
signal and tropospheric evolution of relevant circulations 
before the CS. In section 3, the procedure of piecewise 
PV inversion is described. Section 4 shows the result 
of piecewise PV inversion and compares the balanced 
circulation obtained by prescribed PV source with 
the lagged composite circulation.

2. Stratospheric PV as a precursor for cold surge

Jeong et al. (2006) found that about one week 
ahead of CS occurrence the large-scale positive 
anomaly of geopotential height emerges in the upper 
troposphere over central Siberia accompanied with 
strong negative PV anomalies aloft in the lower 
stratosphere. In present study we repeat their composite 
analyses and re-examine some important large-scale 
precursory signals before CS occurrence. From about 
lag of -10 days of the CS occurrence, strong positive 

anomalies of geopotential height exist in the upper 
troposphere over Siberia forming a zonally elongated 
large-scale structure (Fig. 1b). At the same time, a 
large stationary negative PV anomaly is also captured 
in the stratosphere (Fig. 1a). This negative anomaly 
is quite stationary and does not change much from 
-10 days to -5 days, after which it slowly moves 
southeastward as the CS event approaches (Figure 
not shown). The peak PV value reaches about 7 PVU, 
where 1 PVU (PV unit) is defined as 10‐6 m2 s‐1 K kg‐1. 
Compared to the climatological PV at 20 hPa during 
the winter, 7 PVU is quite big.

On the CS occurrence day (lag=0), this upper-level 
anomaly appears to transform into the propagating 
wave pattern of the northwest-southeast orientation 
(Fig. 1c). Based on the criteria of CS occurrence 
(Jeong et al., 2005), the downstream development of 
this upper-level wave advects cold air of at least 4 K 
lower than normal into Korean peninsula, Japan and 
China. In the lower stratosphere, the large stationary 
negative PV vortex is found over the positive geopotential 
height in upper troposphere. More detailed dynamical 
features associated with the upper-level precursory 
signal can be seen in the pressure-longitude sections 
of Fig. 2, which show the composite vertical structures 
of PV, potential temperature, and geopotential height 
anomalies along 60°N averaged from 10 to 7 days 
before the cold surge occurrence day. The composites 
reveal that below the negative PV anomaly the strong 
positive potential temperature anomaly extends from 
the lower stratosphere to the upper troposphere, 
while slightly above the negative PV source there 
exist negative potential temperature anomalies, showing 
the overall dipolar structure. In the regions below the 
negative PV anomalies, the positive geopotential 
height anomalies further extend down towards the 
upper troposphere reaching at 300 hPa (Fig. 2c). The 
coexisting positive potential temperature and geopotential 
height anomalies appear to satisfy the thermal wind 
balance. Therefore these vertical structures seem to 
be well constrained by the PV anomaly.

As suggested in Jeong et al. (2006), the upper- 
tropospheric perturbation over Siberia may trigger 
the initial growth of the CS. The composite results 
described above indicate that the upper-tropospheric 
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(a) Stratospheric PV Anomaly (Lag=-10) 

(b) Upper Level Geopotential Height Anomaly (Lag=-10) 

(c) Upper Level Geopotential Height Anomaly (Lag=0) 

Fig. 1. Lagged composite analysis of (a) PV anomaly at 20 hPa with -10 days lag, (b) geopotential height anomaly at
300 hPa with -10 days lag, and (c) geopotential height anomaly at 300 hPa with 0 day lag.
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(a)PV Anomaly

(b) Potential Temperature Anomaly

(c) Geopotential Height Anomaly

Fig. 2. Pressure-longitude cross-section of lagged composite at 60°N for (a) PV anomaly (Contour; 0.01PVU), (b) potential 
temperature anomaly (Contour; 0.5 K), and (c) geopotential height anomaly (Contour; m) averaged over 10 to 7 days 
before the cold surge.
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perturbation seems to be directly induced from the 
stratospheric PV anomaly. In the following sections 
we will quantify to what extent the stratospheric PV 
anomalies induce the upper-tropospheric perturbation 
by applying the piecewise PV inversion technique. 
The PV and potential temperature composite results 
here will be used for this. 

3. Formulation of PV inversion

Ertel potential vorticity (EPV), in its original form, 
is defined as the dot product of the absolute vorticity 

and the three dimensional potential temperature 
gradient divided by air density,

 
1EPV η θ
ρ

= ⋅∇
r

. (1)

 
EPV is a conserved quantity that contributes to an 
early foundation of geophysical fluid dynamics, 
especially quasi-geostrophic dynamics in explaining 
the midlatitude baroclinic eddies (Hoskins et al., 
1985).

In addition to the importance by its conservation 

(a) PV & Potential Temperature

(b) PV & Geopotential Height

Fig. 3. The balanced (a) potential temperature (K) and (b) geopotential height (m) anomaly (shaded) of prescribed PV
anomaly (contours). Contour interval is 0.01 PVU.
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property, EPV can be used to analyze large-scale 
motion constrained by geostrophic and hydrostatic 
balance. In the so called ‘PV thinking’ paradigm, the 
3-dimensional distribution of EPV immediately 
yields the temperature and wind fields which are 
consistent (balanced) with the EPV. This nice property 
is related to the fact that EPV is just a multiple of 
absolute vorticity and static stability which essentially 
corresponds to the spatial structures of wind and 
temperature fields. The integrated nature of EPV 
makes it possible to separate wind and temperature 
parts from the given EPV if proper conditions are 
provided. The conditions for the separation are 1) 
large scale constraints such as geostrophic and 
hydrostatic balance and 2) proper boundary conditions 
guaranteeing the unique separation. This separation 
is usually called PV inversion. 

In the literature there are two representations of 
EPV according to the choice of vertical coordinates. 
For the identification of disturbances in the map and 
the theoretical studies which benefits the conservation 
of adiabatic motion along the isentropic surface, the 
isentropic coordinate is preferred and it is referred to 
as isentropic potential vorticity (IPV). IPV is written as

 

( ) pIPV g f k Vθ θ
∂= − + ⋅∇ ×
∂

r r

. (2)

 
where g is the gravitational force, f is the Coriolis
 parameter, θ is potential temperature, V

r
 is the

 3-dimensional wind, and p is pressure. However for 
computational purposes, the isobaric coordinate 
version of PV is preferred for two reasons. First, most 
datasets including state of the art reanalyses adopts 
isobaric coordinates for the representation. Henceforth, 
formulating PV inversion in isobaric coordinates 
helps to reduce errors caused by coordinate interpolation. 
Second, isobaric formulation with the introduction 
of the exner-function П, which shares the same 
coordinate line with basic pressure coordinates helps 
to express boundary conditions for PV inversion. The 
exner-function is defined as 
 

0
p

pC
p

κ
 

Π =  
  .

(3)

The upper and lower boundary conditions for PV 
Inversion are taken by specifying potential temperature 
distribution at those surfaces (Bretherton, 1966). 
According to Bretherton (1966), surface potential 
temperature can be regarded as potential vorticity. In 
П-coordinate, hydrostatic balance is expressed as 

θ∂Φ = −
∂Π . (4)

This expression is not only simple but also provides 
the easiest way to incorporate the boundary condition. 
In isobaric coordinates, EPV is expressed as

( )

( )p pPV g fk V

u vg f
p y p x p

g v u
p x y

θ

θ θ θζ

κ θ θ θη

= − +∇ × ⋅∇

 ∂ ∂ ∂ ∂ ∂≅ − − + + ∂ ∂ ∂ ∂ ∂ 
 Π ∂ ∂ ∂ ∂ ∂= − − + ∂Π ∂Π ∂ ∂Π ∂ 

r r

                                                              .

(5)

The last expression is derived by using the coordinate 
transform unit from pressure to the exner-function.

1

0 0

1
p

pC
p p p p

κ
κκ

−
 ∂Π Π= = ∂   .

(6)

Using rotational wind instead of the full wind field 
and using the hydrostatic equation in spherical 
horizontal coordinates, PV is expressed as

( )
2

2
2

gPV f
p
κ Π ∂ Φ= +∇ Ψ ∂Π

2 2 2 2

2 2 2

1 1
cosa aφ λ λ φ φ

∂ Ψ ∂ Φ ∂ Ψ ∂ Φ− − ∂ ∂Π ∂ ∂Π ∂ ∂Π ∂ ∂Π  .

(7)

Thus, PV is completely determined by the 3-dimensional 
distribution of both Ψ (streamfunction) and Φ 
(geopotential). In large scale motion, Ψ and Φ are 
highly related because of the earth’s rotation and 
subsequent horizontal stratification. For this, the 
geostrophic relation is usually adopted (Hartley et 
al., 1998; Black, 2002). However, Davis (1992) uses 
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gradient wind balance to extend the applicability of 
PV inversion to mesoscale dynamics. The balance 

implied is similar to geostrophic but an additional 
term is included in order to account for the acceleration 

(a) Total PV (shaded) & Balanced GPH (contour)

(b) Stratospheric PV (shaded) & Balanced GPH (contour)

(c) Tropospheric PV (shaded) & Balanced GPH (contour)

Fig. 4. Longitude-pressure cross-section of balanced geopotential height (contour) at 60°N according to lagged composite
(shaded) of (a) total PV, (b) stratospheric PV (above 100 hPa), and (c) tropospheric PV (below 100 hPa). Lag -10 PV 
is depicted. Units are m for geopotential height and PVU for PV. 
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due to the curvature of the pressure system. The 
condition reads

( )2 f∇ Φ = ∇ • ∇Ψ
( )

( )4 2

,2
cos ,a

λ φ
φ λ φ

∂ ∂Ψ ∂ ∂Ψ ∂
+

∂ .
(8)

 
Now, the PV inversion problem is simply defined by 
Eqs. (4), (7) and (8). Given specified PV on the 
left-hand side of Eq. (7), we can solve the inversion 
to yield Ψ and Φ using Eqs. (7) and (8) with the 
specified boundary condition (4). 

Additionally, Davis (1992) derived a formula for 
piecewise PV inversion. The piecewise PV inversion 
allows us to separate the impact of each PV piece. For 
instance, the impact of stratospheric or tropospheric 
PV on Ψ and Φ can be estimated separately by this 
technique. In the original form, the formula contains 
a small contribution from nonlinear terms, but, in this 
study, we simply linearize it to drop the small contribution 
from the nonlinear terms. After linearization, Eqs. (7) 
and (8) become 

( )
2 2

2 2
2 2'q f
′∂ Φ ∂ Φ ′= + ∇ Ψ + ∇ Ψ

∂Π ∂Π
2 2 2 2

x x x x
′ ′∂ Φ ∂ Ψ ∂ Ψ ∂ Φ− −

∂ ∂Π ∂ ∂Π ∂ ∂Π ∂ ∂Π
2 2 2 2

y y y y
′ ′∂ Φ ∂ Ψ ∂ Ψ ∂ Φ− −

∂ ∂Π ∂ ∂Π ∂ ∂Π ∂ ∂Π ,

(9)

 

( )2 f′ ′∇ Φ = ∇ ⋅ ∇Ψ
2 2 2 2

2 2 2 22
x y y x

 ′ ′∂ Ψ ∂ Ψ ∂ Ψ ∂ Ψ+ + ∂ ∂ ∂ ∂
2 2

2
x y x y

′∂ Ψ ∂ Ψ− ∂ ∂ ∂ ∂  ,

(10)

 
subject to the perturbation boundary condition

'

0∂Φ =
∂Π

at the top and bottom. All the following 

results in this study are obtained by solving Eqs. (9) 
and (10) simultaneously. 

4. Results

a. Response to idealized PV source 

We first test the PV inversion with the idealized PV 
anomaly which mimics the 3-dimensional PV features 
in Fig. 2a. A Gaussian type disturbance is used for 
the idealized PV anomaly, 

( ) ( )2 2

2 2

90 E 60 N
' 300exp

x y

x y
PV

σ σ

 − −
= − −



o o

( )2

2

40 hPa

p

p
σ

− −

 ,

(11)

where, 2 3000xσ = , 2 3000yσ = , and 2 400pσ = .
This idealized PV anomaly resides only in the lower 
stratosphere. The basic state ( Ψ , Φ ) in Eqs. (9) and 
(10) are obtained by another PV inversion using Eqs. 
(7) and (8) with the prescribed PV calculated by the 
1958-2001 winter climatological wind and temperature. 

Figure 3 shows the balanced potential temperature 
and geopotential height obtained by piecewise PV 
inversion with the specified PV anomaly given in Eq. 
(11). In Fig. 3a, the positive potential temperature 
anomaly penetrates into the upper tropopause and 
exhibits the dipolar structure with a maximum of 
about 2 K at 100 hPa. Compared to the warm anomaly, 
the cold anomaly is rather weak and is placed slightly 
above the PV source level. This balanced thermal 
structure which appears around the isolated PV 
anomaly is consistent with results suggested in 
previous studies (Hoskins et al., 1985; Ambaum and 
Hoskins, 2002). The warming below the PV source 
can be interpreted as the bending isentropic surface 
toward (away from) the localized positive (negative) 
PV source. Because one of the purposes for conducting 
the piecewise PV inversion is to examine in detail 
whether the PV derived anomalies can penetrate the 
tropopause, this is one of key mechanisms explaining 
the downward propagation of the stratospheric PV 
signal. From Figs. 3a and 3b, it is clearly seen that 
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the balanced anomaly penetrates the tropopause. 
Hoskins et al. (1985) suggested that the penetration 
depth is proportional to fL/N. Here, L is horizontal 
scale of the PV disturbance and N is buoyancy 
frequency. According to this, it is expected that the 
large horizontal scale of the prescribed PV disturbance 
covering almost the entire northern Eurasian continent 
is sufficient to contribute to the deep penetration of 
the induced flow.

 Comparing the balanced potential temperature 
anomaly of Figs. 2b and 3a, it is seen that they are very 
similar both in magnitude and in vertical dipolar 
structure. Considering the crude nature of the 
implemented PV anomaly, this is quite an inspiring 
result. The vertical structure of the balanced geopotential 
height is a funnel-like shape extending from the 
stratosphere to the troposphere (Fig. 3b). At the 
surface, the balanced geopotential height is more 
than 10m which is not small compared to the 
magnitude of typical weather disturbances such as 
baroclinic eddies. The structures depicted in Figs. 2c 
and 3b are also very similar especially in the stratosphere 
and upper troposphere.

This result strongly suggests that the features of the 
lagged composite analysis shown in Fig. 2 are not 
artifacts of statistical analysis but are due to the 
dynamical adjustment of geostrophic and hydrostatic 
balance propagated from the stratospheric PV anomaly. 
Henceforth, this gives more confidence that the 
precursory signal found in the stratosphere ahead of 
the CS provides the initial perturbation in the upper 
troposphere. As seen in the composite geopotential 
height field on the CS occurrence day (Fig. 1b), this 
initial perturbation grows into a northwest–southeast 
elongated baroclinic eddy which transports cold air 
piled up over Siberia downstream, eventually 
manifesting the CS event.

b. Response to observed stratospheric PV source

Finally, we applied the PV inversion to the 
composite of the observed PV anomaly which is 
believed to be the precursory signal of CS occurrence. 
The PV inversion is applied to the composite PV 
anomaly on day -10. The balanced circulations from 

PV for the entire level (Fig. 4a), for the stratosphere 
(above 100 hPa; Fig. 4b), and for the troposphere 
(below 100 hPa; Fig. 4c) are estimated separately by 
the piecewise PV inversion technique. Results 
clearly demonstrate that the balanced geopotential in 
the troposphere mostly originates from the stratosphere 
and is weakly modified by the tropospheric origin. 
Comparing Fig. 4b and 4c, it is evident that the 
balanced geopotential anomaly derived by tropospheric 
PV anomaly is much weaker than that of the stratospheric 
anomaly (note the different contouring used in the 
panels of Fig. 4). Notably, the tropospheric PV source 
makes the vertical axis of the ridge tilt towards the 
west. This indicates that the tropospheric PV structure 
corresponds to the developing baroclinic eddy.

5. Summary and discussion 

The idea for this paper arose from the finding of 
Jeong et al. (2006): Strong coupling between the 
stratosphere and troposphere is responsible for the 
initiation of CS occurrence in East Asia. Strong 
negative PV in the stratosphere was suggested as the 
precursory circulation which directly induces the 
upper tropospheric perturbation. In the present study 
we have tested this conjecture dynamically by using 
the piecewise PV inversion technique.

In conclusion, the inversion results strongly suggest 
that the stratospheric PV is capable of driving 
tropospheric circulation anomalies with a sufficient 
magnitude to initiate a CS event. However, this does 
not imply that the mechanism described here is solely 
responsible for CS occurrence. Also the linkage 
found by piecewise PV inversion is purely diagnostic 
and does not support any specific propagating 
mechanism. Some previous studies indicate that, 
from a few days before the CS, an upper level 
disturbance over Western Europe propagates downstream 
and develops into a CS event (Joung and Hitchman, 
1982; Sung et al., 2009). Considering these studies 
explaining different origins of CS event, the assessment 
of the predictability of stratospheric PV in the forecast 
of CS event is important. The predictability can be 
practically estimated by success and false alarm rates 
of CS occurrence for the given stratospheric PV.
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There remains one unresolved interesting question: 
How does such a large negative PV anomaly come 
out, in particular, over the Siberia about a week before 
the CS? To examine this, the wave propagation from 
the various sources in the troposphere should be 
examined. Along with this, a few studies examined 
snow cover perturbation as a source for the stratospheric 
PV anomaly (Lu et al., 2008; Fletcher et al., 2009). 
The vertical propagation of wave activity triggered 
by the snow cover anomaly can drive the wave-mean 
flow interaction in the stratosphere which, in turn, 
propagates downward. 
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